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Fig. 4. Two conducting strips (3.0-m width) and two conducting cylinders
of rectangular cross section (3.0 m� 1.0 m) mounted over two dielectric
beds. The whole structure is situated on a ground plane. The length of the
structure iny-dimension is 10 m.

TABLE II
CAPACITANCE MATRIX FOR THE FOUR-CONDUCTOR

SYSTEM (CAPACITANCE IN NANO-FARADS)

strips are modeled with 60 triangular patches each. The conducting
cylinders and dielectric beds are modeled in the same way as in
the previous example. The total number of unknowns for this case is
1248. In Table II, we present the capacitance matrix for two dielectric
ratios, which again, remains symmetric.

V. CONCLUSIONS

In this paper, we present a superior method to calculate the charge
distribution and capacitance for a system of finite-sized conductors
in the presence of arbitrarily shaped dielectric bodies of low, as well
as high, dielectric materials.
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Analysis of a Slot-Coupled T-Junction Between
Circular-to-Rectangular Waveguide

S. B. Sharma, S. B. Chakrabarty, and B. N. Das

Abstract—This paper presents a rigorous analysis of a slot-coupled
T-junction between a primary circular cylindrical waveguide and rect-
angular waveguide, forming the coupled T-arm. The analysis is based
on moment-method formulation using full-wave basis functions and
Galerkin’s technique for testing. Expression for the coupling and reflec-
tion coefficients are found, taking into account the effect of finite wall
thickness of the circular waveguide in which the coupling slot is milled. A
comparison between the theoretical and experimental results on coupling
and return loss are presented.

I. INTRODUCTION

In view of their wide application in commercial systems as well
as laboratory measurements [1]–[5], investigation into different types
of aperture-coupled waveguide junctions has attracted the attention
of researchers for a long time. Rigorous analysis on the slot-coupled
junction between similar and dissimilar waveguides with collinear
[6], [7] and orthogonal axes [8] have been carried out. Formulation
has been presented for a T-junction [9] and also cascaded sections of
junctions [10], in which the primary guide is a rectangular waveguide
and the T-arm is a circular waveguide. It is also of importance to study
the electrical characteristics of a T-junction, in which the primary
waveguide is a circular cylindrical waveguide and the secondary
guide is a rectangular waveguide. This was presumably not attempted
because of the complexity in finding the internal dyadic Green’s
function of the circular cylindrical waveguide.

In this paper, analysis based on moment-method formulation using
full-wave basis function and the Galerkin’s method for testing is
presented for derivation of expression for the electrical characteristics
of a T-junction between a circular waveguide as the primary wave-
guide and T-arm as the rectangular waveguide. The coupling takes
place through an axial slot in the wall of circular waveguide and in
the transverse cross section of the coupled rectangular waveguide.
This analysis takes into account the effect of finite wall thickness by
considering the possible forward and backward traveling waves in the
stub waveguide representing the coupling slot milled in the wall of
the cylindrical waveguide of finite wall thickness [11]. The unknown
field distribution in the slot aperture is found by transforming
the integral equation derived from the boundary conditions for
the tangential components of the magnetic fields into a matrix
equation. The elements of the matrices are found considering the
effect of all possible higher order modes in circular, rectangular,
and stub waveguides. From the elements of the scattering matrix
derived in this formulation, coupling and return loss are found. A
comparison between the theoretical and experimental results are also
presented.
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(a)

(b)

Fig. 1. A T-junction between circular and rectangular waveguides.

II. GENERAL ANALYSIS

Fig. 1 shows the geometry of a T-junction between a circular
cylindrical waveguide and rectangular waveguide coupled through
an axial slot of length2L and width2W (= 2a��0) in the wall of
a circular cylindrical waveguide. The coupling slot is in the form of
a curvilinear rectangle on the wall of the circular waveguide. Since,
the angular width2��0 is small, the curvilinear rectangle can be
replaced by a planar rectangle for the purpose of analysis.

For finite wall thickness “t” of the wall of the circular waveguide,
the coupling slot can be considered as a short section of a rectangular
waveguide (designated as the stub waveguide), the expanded view
of which is shown in Fig. 2. For2a��0 small compared toL,
the electric-field intensity along the width of the coupling slot can
be assumed to be constant and the analysis is carried out from the
continuity of tangential magnetic fields at the interfaces I–IV of Fig. 2
for all possible excitations.

In Fig. 1, the expression for the coupling between ports 1 and 3
and the reflection coefficient seen from port 1 are derived for the
signal fed to port 1.

Following the procedure used in [9], the expression for the field
at the interfaceC is

[EC ] = f[U ] + [B][Y rw]�1[hrw][B]g[E+]III (1)

where

[E+]III = f[Y cw]�1[hcw[B][Y rw]�1[hrw[B] � [U ]g�1

�[Y cw]�1[hinc]: (2)

Fig. 2. An expanded view of the slot as stub waveguide.

The elements of the column matrix[hinc] are given by

hincs = hH inc
x ; wsi: (3)

H inc
x is given by [12]

H inc
x =

k2c
j!�

2

�[(x011)
2 � 1]

cos �e�j� x (4)

wherex011 is the first root ofJ 01(x) = 0, the derivative of the first-
order Bessel function.�11 = k 1� (x011=�0k)

2, k(= 2�=�) being
the wavenumber in free space.

In a similar fashion, the total tangential electric field in the aperture
plane of the slot at the interfaceD is given by

[ED] = f[B] + [Y rw]�1[hrw][B]g[E+]III : (5)

In (1), (2), and (5), [B] is the diagonal matrix with diagonal
elementsexp(�j
i0t), t is the thickness of the waveguide,
i0 is the
propagation constant of theith mode in waveguide section (C)–(D),
[U ] is the unit matrix, and[Y rw], [hrw] and [Y cw], [hcw] are square
matrices whose elements are given by

Y rw
ps = h�r(ep); wsi+ Yp2LW�ps (6)

hrwis = � h�r(ei); wsi+ Yi2LW�is (7)

Y cw
ps = h�r(ep); wsi � Yp2LW�ps (8)

hcwis = � h�r(ei); wsi � Yi2LW�is: (9)

� is the Kronecker delta and the symbolh i represents the inner
product. �r(ej)(j = i or p) (6)–(9) is related to the transverse
component of the magnetic field in the stub waveguide by the relation
[9]

Hr
x = Ej�

r(ej); j = p; i: (10)

The functionsep andei are the dimensionless quantities given by

ej(x
0) = sin

j�

2L
(x0 + L); j = p; i (11)

and

ws = sin
s�

2L
(x0 + L): (12)

III. EXPRESSIONS FOR THEELEMENTS OF THE MATRICES

Using (3), (4), and (12), and carrying out the integration over the
slot aperture, the elements of the column matrix[hinc] are obtained as

hincs =
k2c
j!�

2

�(x0211 � 1)
2W

�

s�

2L
[(�1)se�j� L � ej� L]

�211 �
s�

2L

2
: (13)
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The expression forY rw
ps and hrwis are found following the method

suggested in [8].
The derivation of the expression forY cw

ps andhcwis can be found
only after the derivation of the expression forHcw

x (ep) due to an
axial slot in the primary circular waveguide.

The magnetic field in the primary waveguide due to aperture field
distribution in the plane of the slot is expressed as

H
cw
x = �ur � (�u�)Ep.U r ds (14)

whereU r is the dyadic Green’s function in the primary waveguide
(circular waveguide) and is given by

U r =
j

!�
(k2I +rr)G(�; �0) (15)

wherek is the wavenumber andI is the unit Dyadic, andG(�; �0)

is given by

G(�; �0) =

1

n=0

1

m=1

�n

2��20
mn

cos n(�� �
0)

�

Jn x0mn

�

�0

Jn(x0mn)

e�
 (x�x )

1�
n2

x02mn

(16)

wherex0mn is themth root of the derivative of thenth-order Bessel
function.

From (14) to (16),Hcw
x at the slot aperture (lower interface) is

given by

H
cw
x =

1

j!�
k
2 +

@2

@x2

1

n=0

1

m=1

�
�n

2��20
mn

1

1�
n2

x02mn

��

���

ad�
0

� e
�
 x

x

�L

e

 x

p

E
�

p sin
p�

2L
(L+ x

0) dx0

+e
 x
L

x

e
�
 x

p

E
�

p sin
p�

2L
(L+ x

0) dx0 :

(17)

Carrying out the proper mathematical operation, the expression for
the magnetic field is obtained as

H
cw
x =

2W

j!�

1

n=0

1

m=1

�n

2��20
mn

cos n�

1�
n2

x02mn

p

E
�

p

�p

2L


2mn+
�p

2L

2

� (k2 + 

2
mn)e

�
 L(e�
 x
� (�1)pe
 x)

+ k
2
�

p�

2L

2

2
mn sin
p�

2L
(L+ x) : (18)

Using (8), (10), and (17), and carrying out the integration, it is
found that

Y
cw
ps =

(2W )2

j!�

1

n=0

1

m=1

�n

2��20
mn

1

1�
n2

x02mn

p�

2L


2mn +
p�

2L

2

�

s�

2L


2mn +
s�

2L

2 2(k2 + 

2
mn)

�

1 + e
�2
 L

; for p; s odd

1� e
�2
 L

; for p; s even

0; for p odd, s even andp even,s odd

+
k2 �

p�

2L

2


2mn +
p�

2L

2 2L
mn�ps + Yp2LW�ps (19)

where

�n =
2; for n = 0
1; for n > 0

and � is the Kronecker delta.

IV. REFLECTION COEFFICIENT AT PORT 1

The reflection coefficient� and the transmission coefficientT are
defined as

� =
Hb:s:

H inc
x

(20)

T =
H inc
x +Hf:s:

x

H inc
x

(21)

where Hb:s:
x and H f:s:

x are, respectively, the amplitudes of the
backward-traveling and forward-traveling waves resulting from the
scattering due to the slot.

When the limits of integrationx, appearing in (17), is taken to
be equal toL, the first term in the square bracket represents the
backward-scattered waveHb:s:

x and the second term represents the
forward-traveling waveH f:s:

x . On carrying out the integrations, the
expressions for� andT are obtained as a summation of the following
form (taking only the dominant mode scattering):

� =

N

p=1

Ep

(k2 � �211)pW

jk2c�
2
0�11L

�(x0211 � 1)

2

�
1

1�
1

x0211

ej� L
� (�1)pe�j� L

p�

2L

2

� �211

(22)

T =1 +

N

p=1

Ep

(k2 � �211)pW

jk2c�
2
0�11L

�(x0211 � 1)

2

�
1

1�
1

x0211

ej� L
� (�1)pe�j� L

p�

2L

2

� �211

: (23)

V. COUPLING COEFFICIENT BETWEEN PORTS 1 AND 3

The expression for the coupling coefficient in this case is the same
as that in [8], multiplied by the following term:

r =
yrw

ycw
(24)

whereycw andyrw are the dominant mode characteristic admittances
of rectangular and circular waveguides, respectively.
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Fig. 3. Variation of return loss seen from port 1 of Fig. 1.

Fig. 4. Variation of coupling from port 1 to 3 of Fig. 1.

VI. NUMERICAL RESULTS AND DISCUSSION

Using (1)–(12) and (22), the variation of the return loss at port 1 is
evaluated for2L = 23:31 mm and2W = 2 mm over the frequency
range from 6.2 to 6.9 GHz. The theoretical result on return loss seen
from port 1 is evaluated fort = 0 mm as well ast = 1:27 mm.
The data are presented in Fig. 3, together with the experimental
data recorded with an HP8510C network analyzer. The waveguide
dimension for the circular waveguide is 32.54 mm and the length of
the circular waveguide is 104 mm. WR137 is used for the rectangular
waveguide. The theoretical result on coupling from ports 1 to 3, as
well as the experimental data, are shown in Fig. 4 for a waveguide
wall thickness of 1.27 mm. A fair agreement between the theoretical
and experimental results justifies the validity of the analysis. The data
presented converge forN = 5. All computations have been carried
out for N = 5. It is found that the numerical value changes only
at the second decimal points whenN is increased from 3 to 5. It

is also been found that forN = 5, the results convergesm = 20,
n = 20. In the computations,m = 30 andn = 30 have been taken
for getting sufficient and accurate data.
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